Abstract. Homotopy 3-types can be modelled algebraically by Tamsamani's weak 3-groupoids as well as, in the path connected case, by cat 2 -groups. This paper gives a comparison between the two models in the path-connected case. This leads to two different semistrict algebraic models of connected 3-types using Tamsamani's model. Both are then related to Gray groupoids.
Introduction
The problem of modelling homotopy types is relevant to both homotopy theory and higher category theory. In homotopy theory, various models exist for the path-connected case: the cat n -group model, introduced by Loday [14] and later developed in [4] , [18] generalized the earlier work of Whitehead on crossed modules [24] ; another model was built by Carrasco and Cegarra [6] .
In higher category theory, homotopy models serve as a "test" for a good definition of weak higher category, which should give a model of n-types in the weak ngroupoid case. This property has been proved in [22] , [23] for the Tamsamani's model of weak n-categories.
Tamsamani's model and cat n -groups are both multi-simplicial models but they have distinctly different features: the first is a strict but cubical higher categorical structure, the second is a weak and globular one. Yet they both encode (pathconnected) n-types. Their differences as well as similarities stimulated our interest in searching for a direct comparison between the two. This paper solves the problem for the case n = 3; that is, for connected 3-types.
As a result of this comparison we find a model of connected 3-types through a subcategory H of Tamsamani's weak 3-groupoids whose objects are not, in general, strict, but which are 'less weak' than the ones used by Tamsamani to model connected 3-types (Definition 5.1). Thus objects of H are 'semistrict' structures. Yet the subcategory H is not isomorphic to the category of Gray groupoids with one object (Remark 5.5). Thus our comparison yields a new semistrict model of connected 3-types and at the same time gives a refinement of Tamsamani's result in this case (Theorem 5.3 and Corollary 5.4).
In a generic Tamsamani's weak 3-groupoid, there are two fixed directions in the 3-simplicial set in which the Segal maps are equivalences rather than isomorphisms. In the semistrict model H the Segal maps in one fixed direction between the two are isomorphisms. Choosing the other direction for the isomorphisms of the Segal maps leads to a different semistrict subcategory K (Definition 6.3). It is then natural to ask whether K constitutes another semistrict model of connected 3-types. The answer is positive (Theorem 6.4). Finally, using simultaneously the semistrict models H and K, the connection with Gray groupoids (with one object) is established (Theorem 7.2).
The paper is organized as follows. In Section 2 we give a review of the definitions and main properties of the Tamsamani's model and of the cat 2 -group model which we are going to use. In Section 3 we prove a general fact about internal categories in categories of groups with operations. In Section 4 we specialize this to the case where C is the category Cat (Gp) of internal categories in groups. This yields Proposition 4.2, which is the key to the passage from a strict cubical structure to a weak globular one. Proposition 4.2 says that we can represent a connected 3-type, up to homotopy, through a cat 2 -group with the property that, as an internal category in Cat (Gp), its object of objects is projective in Cat (Gp).
The form of the projective objects in Cat (Gp), known in the literature, allows one to associate to a cat 2 -group G of the type above a bisimplicial group ds N G, which we call the discrete multinerve of G. The discrete multinerve of G has the following properties (Lemma 4.3).
i) For each n ≥ 0, (ds N G) n : ∆ op → Gp is the nerve of an object of Cat (Gp). ii) (ds N G) 0 is a constant functor.
iii) The Segal maps are weak equivalences of simplicial groups.
Further, the classifying spaces of G and of its discrete multinerve are weakly homotopy equivalent.
In general, we call a bisimplicial group with properties i), ii), iii), an internal 2-nerve (Definition 4.4). We can think of an internal 2-nerve as a version of Tamsamani's weak 2-nerves internalized in the category of Groups. Proposition 4.2 allows use of the discrete multinerve to define the functor discretization disc : Cat 2 (Gp)/ ∼ → D/ ∼ from the localization of cat 2 -groups with respect to the weak equivalences to the localization of internal 2-nerves with respect to weak equivalences. As summarized in Proposition 4.5, the discretization functor preserves the homotopy type.
In Section 4 we realize the passage from cat 2 -group to the semistrict subcategory H of Tamsamani's weak 3-groupoids (Theorem 5.3). As explained in the proof of Theorem 5.3, this is achieved by composing the functor disc with the functor N : D/ ∼ → H/∼ ext induced by the nerve functor Gp → Set. In this proof, and later in the paper, we use the fact that a morphism of weak 3-groupoids is an external equivalence if and only if it induces a weak homotopy equivalence of classifying spaces; in one direction, this fact was proved in [22, Proposition 11.2] . However, the opposite direction of it does not seem to be stated explicitly in the literature. In the Appendix we have provided a proof of this fact for the subcategory S of Tamsamani's weak 3-groupoids which we use in this paper.
Section 6 considers a different semistrictification of Tamsamani's weak 3-groupoids for the path-connected case, through the subcategory K (Definition 6.3 and Theorem 6.4). Our method uses a strictification functor from Tamsamani's weak 2-groupoids to Tamsamani's strict 2-groupoids (Definition 6.1). Section 6 is independent on the comparison with cat 2 -groups. However, in order to relate K to Gray groupoids, the subcategory H is used (Lemma 7.1). We then associate to objects of H and K, up to homotopy, a Gray groupoid (with one object) having the same homotopy type (Theorem 7.2).
Preliminaries.
In this section we review the main definitions and properties of the Tamsamani model and of the cat 2 -group model. Useful references for these topics are [3] , [4] , [5] , [14] , [18] , [22] , [23] .
Let ∆ be the simplicial category; we denote by C ∆ op the category of simplicial objects in C, and by ∆ n op the product of n copies of ∆ op so that C ∆ n op is the category of n-simplicial objects in C.
A 1-nerve is a simplicial set which is the nerve of a small category. The category of 1-nerves is isomorphic to Cat. A 2-nerve is a bisimplicial set φ : ∆ 2 op → Set, such that each φ n * is a 1-nerve, φ 0 * is constant and the Segal maps φ n * → φ 1 * × φ0 * n · · ·× φ0 * φ 1 * are equivalences of categories. A morphism of 2-nerves is a morphism of the underlying bisimplicial sets. We denote by N 2 the category of Tamsamani's 2-nerves.
For a 2-nerve φ, let T φ n * be the set of isomorphisms classes of objects of the category corresponding to φ n * . Then the simplicial set T φ :
A 2-nerve φ is a weak 2-groupoid when each φ n * and T φ are nerves of groupoids. We denote by T 2 the category of the weak 2-groupoids. A 2-nerve is a strict 2-groupoid if it is a weak 2-groupoid and all Segal maps are isomorphisms. We denote by T st 2 the category of Tamsamani's strict 2-groupoids. Let 2-gpd be the category of 2-groupoids in the ordinary sense, that is the subcategory of the category 2-cat of those 2-categories whose cells of positive dimension are invertible. Hence 2-gpd is the category of groupoid objects in groupoids whose object of objects is discrete. By taking the nerve, we therefore have an isomorphism
A morphism f : φ → φ ′ of 2-nerves is an external equivalence if for all x, y ∈ φ 0 * the maps f (x,y) : φ (x,y) → φ ′ (f x,f y) and T f are equivalences of categories. Recall that φ (x,y) are "hom-categories" and
, -, -) is constant and the Segal maps are external equivalences of 2-nerves. A morphism of 3-nerves is a morphism of the underlying 3-simplicial sets.
For a 3-nerve ψ, the bisimplicial set T ψ is a 2-nerve so we define T 2 ψ = T (T ψ), which is a 1-nerve. A weak 3-groupoid is a 3-nerve ψ such that each ψ([n], -, -) is a weak 2-groupoid and T 2 ψ is a groupoid. A morphism g : ψ → ψ ′ of weak 3-groupoids is an external equivalence if for each x, y ∈ ψ([0], -, -) the map g (x,y) : ψ (x,y) → ψ ′ (f x,f y) is an external equivalence of weak 2-groupoids and if T 2 ψ is an equivalence of categories. We denote by T 3 the category of Tamsamani's weak 3-groupoids. A 3-nerve is a strict 3-groupoid if it is a weak 3-groupoid and all Segal maps are isomorphisms.
Tamsamani showed ( [22, Theorem 8.0] ) that the homotopy category of 3-types is equivalent to the localization of T 3 with respect to external equivalences. Recall that a 3-type (resp. connected 3-type) is a topological space (resp. connected topological space) with trivial homotopy groups in dimension i > 3; we denote by T op (3) * the category of connected 3-types. Since we are dealing in this paper with the path-connected case, we restrict our attention to the full subcategory S of T 3 consisting of those weak 3-groupoids We now turn to the cat 2 -group model. We begin by recalling some general notions.
Given a category C with pullbacks, an internal category in C consists of a diagram
where d 0 , d 1 are "source" and "target" maps, i is the "identity" map, c is the "composition" map. These data satisfy the axioms of a category; that is, the following identities hold, where π 0 , π 1 : C 1 × C0 C 1 → C 1 are the two projections:
Given internal categories φ and φ ′ , an internal functor F : φ → φ ′ consists of a pair of morphisms
Let Cat C be the category of internal categories in C and internal functors. In this paper we use the category Cat C in the case where C is a category of groups with operations in the sense of [16] , [17] . Recall that this consists of a category of groups with a set of additional operations Ω = Ω 0 ∪ Ω 1 ∪ Ω 2 , where Ω i is the set of i-ary operations in Ω i such that the group operations of identity, inverse and multiplication (denotes 0,+,-) are elements of Ω 0 , Ω 1 , Ω 2 respectively; it is Ω 0 = {0} and certain compatibility conditions hold (see [16] , [17] ). Further, there is a set of identities which includes the groups laws.
When C is a category of groups with operations, every object of Cat C is an internal groupoid, as every arrow is invertible.
An example of a category of groups with operations which will be important for us is the category Cat (Gp) of internal categories in the category of groups. The fact that this forms a category of groups with operations follows easily from its equivalence with cat 1 -groups. In fact, recall [14] that a cat 1 -group consists of a group G with two endomorphisms d, t : G → G satisfying
A morphism of cat
The equivalence of Cat (Gp) with cat 1 -groups is realized by associating to an object of Cat (Gp) [14] ). The category of cat 1 -groups is a category of groups with operations by setting Ω 0 = {0}, Ω 1 = {−} ∪ {t, d}, Ω 2 = {+} and requiring the set of identities to comprise the group laws and the identities (1). An alternative proof that Cat (Gp) is a category of groups with operations is found in [5] , using the language of crossed modules. In particular, [5] contains a characterization of objects in the algebraic category Cat (Gp) which are projective with respect to the class of regular epimorphisms. This characterization will be important in Section 4 and will be recalled explicitly there.
When C = Cat (Gp) the category Cat C is the category Cat (Cat (Gp)) of double categories internal to Groups. This is equivalent to the category of cat 2 -groups, originally introduced by Loday [14] .
Recall that a cat 2 -group consists of a group G together with four endomorphisms
It is well known that the category of cat 2 -groups is isomorphic to the category Cat (Cat (Gp)). Because of this, when in this paper we talk about the category of cat 2 -groups, we always mean the category Cat (Cat (Gp)), which we denote by Cat 2 (Gp). Given an object G of Cat (Cat (Gp)), by applying the nerve functor twice one obtains a bisimplicial group N G, called the multinerve of G. The classifying space BG of the cat 2 -group G is, by definition, the classifying space of its multinerve. It can be shown [4] that BG is a connected 3-type.
A morphism of cat 2 -groups is a weak equivalence if it induces a weak homotopy equivalence of classifying spaces.
In [4] a fundamental cat 2 -group functor P : Top * → Cat 2 (Gp) is constructed. Further, it is shown in [4] that the functors B and P induce an equivalence of categories
between the localization of cat 2 -groups with respect to weak equivalences and homotopy category of connected 3-types.
Given a cat 2 -group G it is shown in [4] that there is a zig-zag of weak equivalences in Cat 2 (Gp) between G and PBG. We denote by [-] :
, if and only if there is a zig-zag of weak equivalences in Cat 2 (Gp) between G and G ′ .
Internal categories in categories of groups with operations.
In this section we prove a general fact about internal categories in a category C of groups with operations. We first recall some preliminary notions.
Internal categories in a category C of groups with operations are internal groupoids, and are equivalent to reflexive graphs
There is a full and faithful nerve functor
which has a left adjoint P :
The unit of the adjunction u H * : H * → N P(H * ) induces isomorphisms of homotopy groups π i for i = 0, 1. We say that a map f in Cat C is a weak equivalence if N f is a weak equivalence in C ∆ op ; that is, it induces isomorphisms of homotopy groups. We denote by Cat C/ ∼ the localization of Cat C with respect to the weak equivalences and by [·] : Cat C → Cat C/ ∼ the localization functor.
The above notion of weak equivalence in C ∆ op is part of the Quillen model category structure on simplicial objects in an algebraic category given in [19] , [21] ; in this model structure, if X * ∈ C ∆ op is cofibrant, then each X n is projective in C with respect to the class of regular epimorphisms (see [19] ).
Lemma 3.1. Let C be a category of groups with operations and let G ∈ Cat C. There exists φ G ∈ Cat C whose object of objects φ 0 is projective in C and a weak equivalence
Since PN = id, N PN G = N G and u N G = id. Since π i N G = 0 = π i χ for i > 1 and u χ induces isomorphisms of π 0 , π 1 , it follows that u χ is a weak equivalence. Hence, in the diagram above, c, u χ and u N G are weak equivalences. It follows that N Pc is a weak equivalence. Let
and Pc : Pχ → G is a weak equivalence in Cat C. Let ν f be a cofibrant approximation of the map N f , so that the following diagram commutes:
Applying to this diagram the functor P, (3) follows, with
be the full subcategory of C ∆ op whose objects ψ are such that π i ψ = 0 for i > 1 and let i :
and, by [21, p. 67-68 ] there is a right homotopy between ν f ′ f and ν f ′ ν f and between ν id and id. It follows from a general fact [8, Lemma 8.3.4 
The discretization functor.
We are going to apply the result of Section 3 to the case where C = Cat (Gp). In this case Cat C is the category of cat 2 -groups and there is a classifying space functor B : Cat 2 (Gp)-groups → Top * obtained by composition
Here N is the multinerve, N er * is induced by the nerve functor N er : Gp → Set 
Proof. By hypothesis Nf induces isomorphisms of simplicial groups
, and therefore isomorphisms of groups
therefore a levelwise weak equivalence, hence it induces a weak homotopy equivalence of classifying spaces. Since BG ′ is weakly homotopy equivalent to the classifying space of {B(N G ′ ) q * }, and similarly for G, the result follows. 2 Given a cat 2 -group χ, we denote by χ 0 ∈ Cat (Gp) the object of objects of the internal category in Cat (Gp) corresponding to χ. From Lemma 3.1 and Lemma 4.1 we immediately deduce the following proposition.
There exists φ ∈ Cat 2 (Gp) with φ 0 projective in Cat (Gp) such that Bφ is weakly homotopy equivalent to BG.
Projective objects in Cat (Gp) have been characterized in [5] ; they have the form:
where j :
is the quotient map and q 1 :
is also a weak equivalence in Cat (Gp) and dt = id.
Let φ ∈ Cat 2 (Gp) with φ 0 is projective in C. Let φ We construct a bisimplicial group, which we call the discrete multinerve of φ, denoted dsN φ, as follows. As an object of (Gp
The face and degeneracy operators are d∂ 0 , d∂ 1 :
All other faces and degeneracy operators are as in N φ.
Since dt = id, it is straightforward to check that ds N φ is a simplicial object in Gp ∆ op . Notice that N φ depends on the choice of the section t. However since F 2 ∼ = F 1 ⋊F 2 /j(F 1 ), two different choices of section lead to isomorphic bisimplicial groups.
The following Lemma describes the properties of the discrete multinerve.
is a weak equivalence in Gp
Proof.
i) The classifying space of any bisimplicial group can be obtained by composition
where diag are diagonal functors, N is induced by the nerve functor Gp → Set 
The horizontal face and degeneracies in N diag ψ are induced by those in diag ψ, while the vertical face and degeneracies in N diag ψ are the ones given by the nerve construction.
Let χ be another bisimplicial group, with face and degeneracies µ
for p > 0, q ≥ 0 coincide with the respective ones for N diag χ.
From above, all face and degeneracy maps in positive dimension of diagN diag ψ coincide with the respective ones for diagN diag χ. The face maps U ψ 11 → {·} are unique as {·} is the terminal object and the degeneracy maps {·} → U ψ 11 and {·} → U χ 11 coincide as they both send {·} to the unit of the group ψ 11 = χ 11 . In conclusion diagN diag ψ = diagN diag χ. It follows that Bψ = Bχ.
Let φ be a cat 2 -group satisfying the hypothesis of the lemma, N φ ∈ Gp We proceed by induction on n. Since ∂ 0 , ∂ 1 : N er φ 1 → N er φ 0 are fibrations, the pullback N er φ 1 × N er φ0 N er φ 1 is weakly equivalent to the homotopy pullback (see [8] ); since every simplicial group is fibrant this is weakly equivalent to the homotopy limit of the diagram
By the homotopy invariance property of homotopy limits (see [8] ), since iii) The Segal maps ψ n * → ψ 1 * × ψ0 * n · · ·× ψ0 * ψ 1 * are weak equivalences of simplicial groups.
By Lemma 4.3 ii) the discrete multinerve ds N φ is an internal 2-nerve. We say that a morphism f in D is a weak equivalence if Bf is a weak homotopy equivalence.
We aim to define a functor, which we call discretization
Let Cat 2 (Gp) p be the full subcategory of Cat 2 (Gp) whose objects φ are such that φ 0 is projective in Cat (Gp). Let [·] : Cat 2 (Gp) → Cat 2 (Gp)/ ∼ be the localization functor. From Lemma 3.1 there is a functor S : Cat 2 (Gp) → Cat 2 (Gp) p / ∼ defined on objects by S(G) = [φ G ] and on morphisms by S(f ) = [φ f ]. Also, by Lemma 3.1, S sends weak equivalences to isomorphisms. Therefore S induces a unique functor S :
On the other hand, the discrete multinerve defines a functor ds N : Cat 2 (Gp) p → D. On objects, this associates to φ its discrete multinerve ds N φ. Given a morphism in Cat 
Proposition 4.5. There is a commutative diagram
Cat 2 (Gp) ∼ disc -D ∼ Ho(T op (3) * ) B B - Proof. Given [G] ∈ Cat 2 (Gp)/ ∼,
5.
From cat 2 -groups to Tamsamani's weak 3-groupoids.
In this section we connect cat 2 -groups with a subcategory of Tamsamani's weak 3-groupoids. Note that objects of H are not strict 3-groupoids because, in general, ψ([m],-,-) are weak, not strict, 2-nerves. We say a morphism f : ψ → ψ ′ in H is an external equivalence if it is an external equivalence in T 3 . By definition this amounts to requiring that ψ 1 * * → ψ ′ 1 * * is an external equivalence of weak 2-groupoids and that T 2 ψ → T 2 ψ ′ is an equivalence of categories. Let S be as in Section 2; the following Lemma characterizes external equivalences in S. 
Further, F induces an equivalence of categories
Proof. Let N : D → Set 
We are going to show that N (G) ∈ H. We claim that N ([1] , -, -) = U ψ * * is a weak 2-groupoid. In fact, since ψ ∈ D, for each n ≥ 0, U ψ n * is the nerve of a groupoid and U ψ 0 * is a constant simplicial set. For n ≥ 2, the map U ψ n * → U ψ 1 * × Uψ0 * · · · × Uψ0 * U ψ 1 * induces isomorphisms for each i ≥ 0,
Hence the groupoids U ψ n * and U ψ 1 * × Uψ0 * n · · ·× Uψ0 * U ψ 1 * have weakly homotopy equivalent classifying spaces. On the other hand, being the underlying simplicial sets of a simplicial group, they are both fibrant and cofibrant. By a general theorem of model categories [9] , they are also simplicially homotopy equivalent, so the corresponding categories are equivalent. We also have
Hence T U ψ n * is the underlying simplicial set of the nerve of a Cat (Gp), hence it is the nerve of a groupoid. This completes the proof that U ψ n * = N ([1], -, -) is a weak 2-groupoid. Since, for p ≥ 2,
is a weak 2-groupoid for all p and condition b) in the definition of H holds. Clearly condition a) also holds.
In order to show that N (G) ∈ H it remains to check that T 2 N (G) is a groupoid. This follows from the fact that
The functor N induces a functor
In fact, if f is a weak equivalence in D, then N f is a morphism in H inducing a weak homotopy equivalence of classifying spaces. Therefore, by Lemma 5.2 b), N f is an external equivalence.
Gp)/∼ and choose a weak equivalence of cat 2 -groups φ → G with φ 0 projective in Cat(Gp) (Proposition 4.2). Then
This proves the first part of the theorem. Let R : Ho S (H) → Cat 2 (Gp)/∼ be given by R[χ] = PBχ where
is induced by the fundamental cat 2 -group functor P : T op * → Cat 2 (Gp) (see [4] ). Let i : H/∼ ext ֒→ Ho S (H) be the inclusion. We are going to show that the pair of functors (iF, R) is an equivalence of categories.
Let [G] ∈ Cat 2 (Gp)/∼ and let φ → G be as above. By Lemma 4.3 i), Bφ = BdsN φ so that
On the other hand, by [4] , [PBφ] = [φ]; so that, in conclusion,
Let Π 3 : Ho(T op (3) * ) → S be the fundamental groupoid functor from [22] . Recall that Π 3 sends weak equivalences to external equivalences and, further, for any G ∈ S there is an external equivalence G → Π 3 BG [22, Proposition 11.4] .
Let [ψ] ∈ Ho S H. Since Bψ ≃ BPBψ and there is an external equivalence in S, ψ → Π 3 Bψ (see [22] ), we deduce
in S/∼ ext . Choose a weak equivalence in Cat
in S/∼ ext .By Lemma 4.3 i) we have
in S/∼ ext . In conclusion (5), (6), (7) imply
in Ho S (H). On the other hand we have
. This completes the proof that (iF, R) is an equivalence of categories.
2 From the previous theorem, we deduce: [
Therefore [G] = [F PBG] in S/∼
ext , and since F PBG ∈ H, this proves the result.2
Since the subcategory H of S is strictly contained in S, Corollary 5.4 gives a refinement of Tamsamani's result (Theorem 2.1) showing that every object of S, representing a connected 3-type, can be "semistrictified" to an object of H.
Remark 5.5. Let (T 2 , ×) be the category of Tamsamani's weak 2-groupoids equipped with the cartesian monoidal structure. We observe that H is isomorphic to a full subcategory of the category M on (T 2 , ×) of monoids in (T 2 , ×). In fact, by general theory, using the reduced bar construction, one can show that M on (T 2 , ×) is isomorphic to the category of simplicial objects φ in T 2 such that φ 0 is trivial and the Segal maps are isomorphisms. On the other hand, by its definition the category H is the full subcategory of simplicial objects φ in T 2 with φ 0 trivial and Segal maps isomoprhisms such that T φ is a groupoid.
6. Another semistrictification of Tamsamani's weak 3-groupoids with one object
In the previous section we showed that every object of S can be "semistrictified" to an object of H having the same homotopy type. The goal of this section is to show that we can perform a different semistrictification from S to another subcategory K of S in such a way that the homotopy type is preserved; objects of K are "semistrict" 3-groupoids, but the directions in which the Segal maps are isomorphisms rather than equivalences are different from the ones for H. In the next section, both H and K will be used in establishing the connection with Gray groupoids.
We start by defining a strictification functor from Tamsamani's weak 2-groupoids to Tamsamani's strict 2-groupoids, and by establishing its properties.
Let Bic : N 2 → Bicat and ν : 2-gpd → T st 2 be as in Section 2. Let Bigpd be the category of bigroupoids and their homomorphisms. Then Bic restricts to a functor Bic : T 2 → Bigpd. Let st : Bicat → 2-cat be the strictification functor described in [7] . Then st restricts to a functor st : Bigpd → 2-gpd.
there is a functorial zig-zag of weak equivalences in T 2 between φ and St φ.
Proof.
i) The functor Bic sends external equivalences to biequivalences; from [7] the latter are sent by st to equivalences of 2-categories which, in turn, are sent to external equivalences by ν. Hence the result.
ii) It is sufficient to prove the statement for n = 2, from which the general case follows easily. Since ν is an isomorphism and Bic preserves products (this follows from the explicit description of Bic given in [12] ), it is enough to show that there is an equivalence of 2-groupoids
For any bicategory X, let η X : X → st X be the biequivalence, natural in X defined in [7] . There is a commutative diagram
where the map g is uniquely determined by st pr 1 , st pr 2 (p 1 , p 2 , pr 1 , pr 2 are product projections). By universality, it follows that gη Bic φ1×Bic φ2 = (η Bic φ1 , η Bic φ2 ), hence Bg Bη Bic φ1×Bic φ2 = B(η Bic φ1 , η Bic φ2 ). Since Bη Bic φ1×Bic φ2 and B(η Bic φ1 , η Bic φ2 ) are weak homotopy equivalences, so is Bg. But Bg = Bνg, so by Lemma 5.2, νg is an external equivalence, so g is an equivalence of 2-groupoids, as required. iii) By Theorem 2.2 for each φ ∈ T 2 there is a map φ → N Bic φ, natural in φ, which is a levelwise equivalence of categories, hence in particular it is a weak homotopy equivalence. Also, by [7] there is a biequivalence Bic φ → st Bic φ, natural in φ, which gives rise to a weak homotopy equivalence N Bic φ → N st Bic φ. Also by [12] , for each ψ ∈ 2-cat, Bic νψ = ψ and, by Theorem 2.2, we have a weak homotopy equivalence St φ = ν st Bic φ → N Bic ν st Bic φ = N st Bic φ. In conclusion we obtain a functorial zig-zag of weak equivalences 
We say a morphism in K is an external equivalence if it is an external equivalence in T 3 . Let Ho S (K) be the full subcategory of S/∼ ext whose objects are in K. Notice that K/∼ ext ⊆ Ho S (K). 
Proof. Given an object ψ : ∆ If f : ψ → φ is an external equivalence in S, by definition f 1 : ψ 1 * * → φ 1 * * is an external equivalence in T 2 and T f : T ψ → T φ is an equivalence of categories. Hence, by Proposition 6.2, St f 1 = (St f ) 1 is an external equivalence and, since (T ψ) n = π 0 ψ n * * ∼ = π 0 St ψ n * * , we have T ψ ∼ = T St ψ and similarly T φ ∼ = T St φ; therefore T St ψ is also an equivalence of categories and in conclusion St f is an external equivalence.
Thus St induces a functor St : S/∼ ext → K/∼ ext . We claim that there is a weak homotopy equivalence of classifying spaces BSt ψ ≃ Bψ.
In fact, by Proposition 6.2 iii), for each n ≥ 0 there is a functorial zig-zag of weak equivalences between ψ n and St ψ n . In turn this gives rise to a zig-zag of maps between ψ and St ψ; each of these maps is a weak homotopy equivalence, since it is so levelwise. Thus (9) in S/∼ ext . Therefore
Therefore (i St , j) is an equivalence of categories. 2
The comparison with Gray groupoids
It is well known that Gray groupoids are semi-strict algebraic models of homotopy 3-types; see [10] , [13] , [1] , [11] . Recall that Gray is the category of 2-categories with monoidal structure given by the Gray tensor product. A Gray category is a category enriched in Gray . A Gray groupoid is a Gray category whose cells of positive dimension are invertible. Denote by Gray-gpd 0 the category of Gray groupoids with one object.
In this section we compare our semistrict models of connected 3-types to Gray groupoids; given objects of Ho S (H) and of Ho S (K), we will associate to them an object of Ho(Gray-gpd 0 ) representing the same homotopy type.
The functor St : S → K described in the proof of Theorem 6.4 gives by restriction a functor St : H → K. Let StH be the full subcategory of K whose objects have the form Stφ, φ ∈ H. Notice that, in general, objects of StH are weak rather than strict 3-groupoids. In fact, given φ ∈ H, although the Segal maps φ n * * → φ 1 * * × 
in Ho(T op
in S/∼ ext .
By Theorem 5.3, [BF
By Theorem 6.4, [BF
in S/∼ ext . By [22] [
in S/∼ ext . Hence (10), (11) , (12), (13) imply
in Ho S (K). Since St F PBφ ∈ St H this proves the result. 
Proof. Let φ : ∆ 3 op → Set be an object of H. Denote φ n = φ n * * . By remark 5.5, H is isomorphic to a full subcategory of the category M on(T 2 , ×) of monoids in (T 2 , ×). The monoid corresponding to φ is (φ 1 , ∂ 02 , σ 0 ) where
The functor Bic : T 2 → Bicat preserves products and the terminal object, hence it is a monoidal functor from (T 2 , ×) to (Bicat, ×). In [7] it is shown that the functor st : Bicat → 2-cat is in fact a monoidal functor st : (Bicat, ×) → Gray . The category M on(Gray ) of monoids in Gray is isomorphic to the full subcategory of Gray categories consisting of those with just one object. Thus we can view (st Bic φ 1 , µ, n) as a Gray category with one object and 2-categorical hom-set given by st Bic φ 1 ; composition is the 2-functor
It is immediate to see that all cells in positive dimension of this Gray category are invertible, so this is in fact a Gray groupoid. We denote this Gray groupoid by G φ .
We are now going to show that there is a weak homotopy equivalence of classifying spaces BG φ ≃ Bφ.
Let W φ : ∆ op → 2-gpd be the reduced bar construction for the monoid (st Bic φ 1 , µ, n), so that νW φ : ∆ op → T st 2 . We observe that there is a map l : νW φ → St φ, where l n = id for n = 0, 1 while for n > 1 l n is given by
We claim that l induces isomorphisms of homotopy groups π i BG φ ∼ = π i Bφ for all i ≥ 0. In fact in [1, p.63 ] the homotopy groups of a Gray groupoid G (called there lax 3-groupoid) with respect to a base point * are described algebraically as follows:
where the equivalence relation is induced by the cells of the next higher dimension.
When G = G φ , recalling the algebraic expression of the homotopy groups of a strict 2-groupoid as in [15] , we therefore find: We conclude that [ 
Appendix
Proof of Lemma 5.2 a) Let f be an external equivalence. The fact that Bf is then a weak homotopy equivalence is proved in [22, Proposition 11.2] . Suppose, conversely, that Bf is a weak homotopy equivalence. Since φ is a weak 2-groupoid, π 1 (φ) is the nerve of a group and π n (φ) = 0 for n > 1, then φ satisfies the π t -Kan condition in the sense of [2] , for all t ≥ 0. By [2, Theorem B.5] there is a first quadrant spectral sequence E 2 s,t = π s π t φ ⇒ π s+t D where D = diag φ. Since each φ n * is the nerve of a groupoid, π v t φ = 0 for t > 1, so that E 2 s,t = 0 unless t = 0, 1. It follows that there is a long exact sequence
On the other hand, since φ is a weak 2-groupoid, for n > 1 π 0 φ n * ∼ = π 0 (φ 1 * × φ0 * By hypothesis, f induces isomorphisms of homotopy groups π i Bφ ∼ = π i Bφ ′ , i ≥ 0. Since π i Bφ = π i diag φ from above we obtain isomorphisms
The first two isomorphisms in (17) show that the map T f : π 0 φ → π 0 φ ′ is a weak homotopy equivalence. On the other hand, since π 0 φ and π 0 φ ′ are nerves of groupoids, they are fibrant simplicial sets. Since every simplicial set is cofibrant, T f is a weak homotopy equivalence between fibrant and cofibrant simplicial sets, Thus, by a general result on model categories [9] , T f is a simplicial homotopy equivalence. Hence T f corresponds to an equivalence of categories.
In order to show that f is an external equivalence of weak 2-groupoids it remains to check that, for all x, y ∈ φ 0 * the map
is an equivalence of categories. Since φ 1 * is a groupoid, its first homotopy group is isomorphic to the endomorphism group of any identity arrow, that is, for any z ∈ φ 10 π 1 φ 1 * ∼ = Hom φ1 * (z, z).
Further, as φ 10 is a groupoid for any z, z ′ ∈ φ 10 there are isomorphisms 
On the other hand recall that showing that f (x,y) is full and faithful. Finally let z ∈ φ ′ (f x,f y) (0). Then f x and f y are in the same isomorphism class of objects of the category π 0 φ ′ . Since by (17) π 0 π 0 φ ∼ = π 0 π 0 φ ′ , there exists w ∈ φ (x,y) (0) and an isomorphism f (x,y) (w) → z. This shows that f (x,y) is essentially surjective on objects. Hence f (x,y) is an equivalence of categories.
b) The fact that Bg is a weak homotopy equivalence when g is an external equivalence is proved in [22, Proposition 11.2] . Suppose, conversely, that Bg is a weak homotopy equivalence. Consider the bisimplicial sets φ and φ ′ defined by φ np = ( diag ψ n * * ) p φ ′ np = ( diag ψ ′ n * * ) p .
For each n ≥ 1 the Segal maps δ n : ψ n * * → ψ 1 * * × n · · ·×ψ 1 * * induce maps of simplicial sets δ n : φ n * * → φ 1 * × n · · · × φ 1 * . Since ψ, ∈ S, δ n is an external equivalence of weak 2-groupoids, hence Bδ n is a weak homotopy equivalence. Since Bψ n * * ≃ Bφ n * , Bδ n is also a weak homotopy equivalence. Therefore, for each i ≥ 0 π i φ n * = 0 n = 0,
Thus π i φ 1 * is the nerve of a group, so it is fibrant. Hence the bisimplicial set φ satisfies the π * -Kan condition. By [2] there is a spectral sequence
